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“In physics, three points always make a straight line” (I Talmi)
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THE NUCLEAR SHELL MODEL

1 One-Particle Excitations

1.1 Introduction

For a set of quantum numbers a and a complete coordinate system r, the
function ¢, (r) is a solution to the Schrédinger one-body equation if

(T + U(r))Wa(r) = 5(1%0(1(1‘)'

For A independent nucleons, the Hamiltonian, its eigenfunctions and energy
can be written as

A
EOZ E Ea;-
i=1

If the nucleons are identical, the wave function needs to be antisymmetrised
by means of a Slater determinant,

Pay (rl) <o Pay (rA)
\Ijal-,--~7aA(r1?"'7rA): ﬁ N
Paa(r1) - Pau(ra)
For two particles this becomes
1
Vg, ,05(T1,T2) = ﬁ(%pal(rl)%zz (r2) = ©a, (r2)@a, (r1))-

The average field U(r) is an approximation for the actual two-body interac-
tion V; ; as defined by the residual Hamiltonian H,.s,

A 1 A
H = Y Tit+5) Vi
i=1

ij=1
A 1 A A
= Y (Ti+U(r)) + 3 Y Vig = Ulr)
i=1 i,j=1 i=1
= Ho+ Hyes.

The derivation of a good average field from a given two-body interaction is
carried out by the Hartree-Fock algorithm. For this we need wave functions
that are fair approximations to the actual wave function. We shall obtain them
from the easier case of independent motion in a harmonic oscillator potential.



1.2 The Harmonic Oscillator

Using commutation relations one derives

1> = (rxp)-(rxp)
= 72p® —r(r-p)-p+2hr-p
0 0
_ 22,29 20
= rprth 8T(T 31")‘

The kinetic energy then becomes

p2

2m
12 2
I
2mr?2  2mr?Or: Or

T:

Setting 12 = A2\ and choosing an eigenfunction ¢(r), the Schrédinger equa-
tion of a central potential is now given by
h? 0 0 B2\
Dl
2mr? Or*  Or

2mr?

+Um)¢w=Eww

We aim at a solution of the form

p(r) = —=Y(0,)
such that
- I ﬁ(2g)+h2—/\+U()—E M1/(49 )=0
u(r)Y (0, ¢) 2mr? Or " or 2mr? " r P =

r* h* 9%u(r) I
u(r) 2m  Or? Y(0,¢) 2m
and after separation of variables,

P dPu(r) (6(6 + 1)h?

2m  dr? 2mr?

+ U(r)) u(r) = Fu(r)
with boundary and normalisation conditions
u(o0) =0
u(0) =0
/00 u?(r)dr = 1.
0

For a harmonic oscillator

this becomes a Laguerre equation

d?u(r) 2m m2w?r? L0+ 1)
ar? (nwE (R )M”O




the solutions of which are

upt(r) = Negr' e R L2 ()
where v = mw/h and Li:rl/ 2(1/7“2) are the associated Laguerre polynomials.
The energy eigenvalues are found from the identification

E:hw(2k+£+g)

and therefore

N = 2k + ¢ =0,1,...
f= N-2k =NN-2...,10r0
k= (N—-0)/2 =0,1,...,(N—1)/2 0or N/2.

Instead of the radial quantum number k, one often uses the number of nodes
n in the interval [0, oo,

n=k+1=(N—-0+2)/2.

The energy degeneracy of the sets of (k,l) values for the same N gives rise
to magic numbers at 2, 8, 20, 40, 70. The degeneracy, however, is lifted by
introducing a spin-orbit term. Including spin space the unperturbed single-
particle wave function is expressed by

Uy (1)

nijm) = == =210 0) @ X @)1

and its unperturbed energy, independent of spin orientation, is given by
(nljm]|ho|nljm) = 6glj.
The spin-orbit interaction is a perturbation in the Hamiltonian
h = ho+¢(r)l-s
ho +C(r) (7 17 — )

and the perturbed energy is found from
) 1, .
enij = eyt (nljm|C(r)5 (7 = 12 = 87)|nljm)

b+ 5 (3640 - e+ 0 = 2) [

B {Eglj + g /Uil(T)C(T)dT

f+1
5213' T ung (r)C(r)dr.

A common expression for the interaction is

)= v 155




with the Woods-Saxon potential

W

U0 = 1 o-mrm

in which @ is called the diffusiveness (typically 0.5 fm) and R = roAY3 is
the nuclear radius (rg ~ 1.2 fm and A is the mass number). An additional term
proportional to 12 is then added to recover the magic numbers 2, 8, 20, 28, 50,
82, 126 with correct spacings.

1.3 The Hartree-Fock Method

We want to derive the average field U(r) from a microscopic starting point.
The nuclear density is composed from the occupied single-particle states as

= @i(r)pa(r)

acF

The potential at a point r generated by the two-body interaction V (r,r’) is

found from
=Y [tV pa i

The precise Schrédinger equation, however, includes an exchange term,
K2
)+ Y [Vl 1oi) - D = i),
aceF

Introducing the notation

Zwa Sﬁa( )

acF

we obtain the Hartree-Fock equations

g Vi) 4 Un(e)ii(e) = [ Uple s’ = zii)

where the parts containing Ug(r) and Up(r,r’) are called the Hartree and
Fock terms, or direct and exchange terms, respectively. For a chosen interaction
V(r,r’) and a set of wave functions ¢, (r) one then calculates iteratively the new
eigenfunctions till the energy of the system is minimised,

A A
s ([TwilHIT] wilrs)) =0
i=1 i=1

This minimisation is only possible if strong short-range correlations and
density-dependent interactions are excluded.



2 Two Identical Nucleons

2.1 Two-Particle Wave Functions

The two-particle wave function
(1522 IM) = > (Gima, jama| TM)j,m, (1)@jams (2)
my,ma2

is an eigenfunction of the unperturbed Hamiltonian

H=Hy+» holi)

i=1

where Hy describes a closed core and ho(4) the valence nucleon i. The energy
shift induced by a residual interaction Vs is found from

AE(jij2; J) = (jijz2; JM|Via|jrjo; JM).
However, since we consider identical particles, we should not forget to anti-
symmetrise. If j; # jo,
Yas(jrjz; JM)
=N Z <j1m17j2m2‘JM> (‘pjlml (1)(Pj2m2 (2) — Pjams (1)50j1m1 (2))

miy,msa

= % (¥ (jrja; IM) — (=) T2 (Gogr; TM))

Ifjl :j27
Pas(j%; M)
=N’ Z <jm1,jm2‘JM>((ij1(1)90jm2 (2) - @jm2(1)(pjm1 (2>)

mi1,msa

=N Z ((jml’jm2|JM>_<jm27jm1|JM>)(pjm1(1><pjm2<2)

m1,ma
= N'(1=(=)%7) D7 (ma, jmal IM)@jm, (1)@jm, (2)
m1,ma
= 20— (PG M),
For the latter case it follows that
J=0,2,..., 25— 1
The two-body matrix elements become
AE(jijz; J) = (jrja; IM|Vialjrjo; JM) — (=) 7277 (1 jo; JM Vil jogns JM)
AB(j%J) = (5% TM|Vaa|j%; TM)
or taking both formulae together, we can symbolically write

1

ABU) =195
J1,J2

AE(j1j2; J)-



2.2 Two-Particle Residual Interaction

An effective interaction can be constructed empirically when the single-
particle energies and the two-body matrix elements are taken as free parameters
and fitted to experimental data. The Brussaard-Glaudemans and Cohen-Kurath
interactions are well-known choices for the p shell, Wildenthal-Brown for the sd
and Brown-Richter for the fp shells.

Realistic forces contain an interaction with an analytical structure, the pa-
rameters of which are fitted to experimental data to reproduce the proper
strengths. The Hamada-Johnston potential is an example

V = Vc(’l“) + VT(T)Slg + VLs(’I“)l -S+ VLL(T)ng
3
512 = ﬁ(al 'I‘)(O’g . I‘) — 01 02

MzZWrUﬁP—%«m-M@~D+wTDwyDy

The local force comprises a central interaction Vi and a non-central tensor
force VrS12. The tensor force only acts on the S = 1 state and is the formal
equivalent of a classical dipole-dipole field. For a classical magnetic dipole field

3n(n-p)—p
3

B(r) =

the dipole-dipole interaction is indeed written as

1 3(r - pr)(r - po
—p1-Ba=— (ﬂl'uz—();) .
r r
The non-local forces are the spin-orbit interaction Vgl - S, again only for
S =1, and a quadratic spin-orbit contribution V7 L15. The radial functions are
multiparameter functions that are essentially built from the Yukawa function

with 1/ = h/myc the Compton wavelength of the pion. At large distances
they must converge to the one-pion exchange potential

wm:f(lmi+@%9.

However, the strong repulsive core of the potential renders Hartree-Fock and
perturbation theory very difficult. This can be circumvented by introducing the

Briickner G-matrix. If
Hop = FEp

then the Schrodinger equation can be rewritten

(Ho — E)p =—-Vo




If we define
Go =V

we obtain the Lippman-Schwinger equation

1
Gp=Vp—-V—=-Go.
2 2 Ho— E 12
In the nuclear medium is it also known as the Bethe-Goldstone equation. In
operator form it becomes

G = V+V—=21CG

= V+V V+...

E — Hy

where the higher-order terms express the hard core that can thus be re-
moved by cutting off the series. An often used realistic force, where the nuclear
potential is replaced by the G-matrix, is the Kuo-Brown interaction. Other
field-theoretical forces include the Argonne, Bonn, Nijmegen, Paris, and Ur-
bana potentials.

Schematic interactions aim at gaining basic insight in the nuclear force.
They are simple mathematical expressions, such as the Yukawa potential, the
Gaussian potential, the Square Well, or the Surface Delta Interaction. They
stress the short range of the nuclear force and allow for analytic results. To
mend their shortcomings, one may add the Bartlett exchange operator

1
P, = 5(1 +01-02).

Indeed
S=-s1+so
0102 :2(S2 —S%—S%)
<0’1 '0’2> ZQS(S+1) -3

such that for a parallel state the spin coordinates are symmetric and for an
antiparallel state they are antisymmetric

Pyps—1 = s=1
Pyps—y = —vs—o.

This allows to define the projection operators
1
Psr = 5(1 F Py)

that select the spin singlet and triplet states, respectively. The Heisenberg
operator is the equivalent of the Bartlett term in isospin space.



2.3 Two-Body Matrix Elements

If it is central, we expand the interaction in Legendre polynomials

oo

V(r: —re|) = ka(rl,rg)Pk(cos 612)
k=0
with
P (COS@H 2k+1 _Z_ky 77;(92)'

We separate the direct and exchange, radial and angular variables in the
two-body matrix element as

E(j1j2;J kaFk —)7itie JngGk
such that, for the direct term,

fu=

47
2k+1<]1J2’J Y5 (1) - Yi(Q2)]j172; JM)

= /|un1l1 (rl)unzlz (r2)|2vk(7“177"2)d7“1d7“2.

The Wigner-Eckart theorem yields

4 v J 0 TN, N
fk = ij-_ 1(7)J M <_M 0 M) <]1]2;JHY]C(91) 'Yk(Q2)”]1j2;J>
4 1 o
- ij—l = (1d2s JIY k(1) - Yi(Q2) [ j172; J)-

The scalar product in this expression is a spherical tensor product of rank
zero. Its reduced matrix element gives

47

Be=op1

(ypreasss {02 el Yl

For the exchange term

47

9% = ok +1

(e 02T Gl Gl Yl

GF = /unlzl(T1)un2z2(7“2)umz1(rz)unzzz(h)vk(h,ra)dmdrz.

F* and G* we call Slater integrals. We now choose a delta interaction, the
multipole expansion of which is

o(r1 — R moe
O(ry —ry) = Z%Ykm*(rl)yk (T2)
k.m

— 1
- 26(7“1 ra) 2k + Py (cos b12).

rir 47
3 172

10



The Slater integrals become

2k+1 1

Fo= P [ (s (0
(2k + 1) F°

G* = (2k+1)F°.

With the algebra that can be found in the appendix one can then show

- Fo , wtiaray (1 G2 T\
L ] (U
2 2

. I BEEAY
AE(% ) = 7(23 +1)? ({ _jl 0)
2 2
so the residual interaction lifts the degeneracy of the J multiplet.

2.4 The Moshinsky Transformation

For a central residual interaction, we want to separate the relative from the
centre-of-mass motion. We write

1
r=ry; —ro, R=§(I'1+I'2)

1
p= §(p1—pz), P =p; +p2.

The harmonic oscillator potential and the kinetic energy become
%uﬂ(r% +72) = %w27‘2 + mw? R?
L9 2 L5 L
R [ —+ — P
5, (PTHP2) = —p 4
such that for the Hamiltonian

1 5, m

1
H=—p" + 2?2 4 — P2+ mw?R%
m

Zw 4m
We build the wave function from a relative and a center-of-mass part,
Y = |nim)|NAM,)

related to the independent-particle description by the Moshinsky transfor-
mation,

Inaly, naly; LM) = Y (nl, NA; Llnyly, naly; L) |nl, NA; LM).
n,l,N,A

It holds
L+L=1+A

2n1 + 401 +2n9 + 40 =2n+ 0+ 2N + A.

11



2.5 Configuration Mixing

Knowing how to calculate matrix elements, we can set up the secular equa-

tion to obtain the eigenvalues. For a basis |z/;,(€0)> with respect to an unperturbed
Hamiltonian Hy, the wave function of an excited two-particle state is written

0 = anyl”).
k=1

We obtain the Schrédinger equation

n n
(HO + H’r‘es) Z akp|¢](€0)> = Ep Z akp|¢l(c0)>
k=1

k=1

< l(O)‘HO + Hres|¢](60)>ak;p = Ep(llp.

[M]=

k=1
We get [ = 1,...,n equations for every p, in matrix language
[Ep] = EpI]
Hlk = E]iO)(Slk + <wl(0)|Hres‘¢](¢0)>

[H][Ap] = [Ep][Ap]-

The secular equation is

Hy — B, His Hip,
Hop Hyp - E, ... Hs,,
=0.
H,1 H,» ... H,,— B,

From the orthonormalisation condition for |¥,) we can diagonalise the Ha-

miltonian
n
Z .
alpalp/ = 5pp'
=1

because the matrix equation above now becomes

n

E afp,Hlkakp = Epépp/
k=1

[ANH]A)] = [E,)

with [A;f,] the conjugate transpose matrix. Common diagonalisation algo-
rithms include the ones by Jacobi, Householder, or Lanczos. To alleviate the
discussion we now set n = 2 and find the secular equation

)\2 — )\(Hll + H22) - H122 + Hi1Hyp =0
since Hi5 = Hy;. Thus

_ Hyy + Hy
2

1
A o/ (Hyy — Hoa)? + 4013,

12



AN = \/(H11  Hyp)? + 4HZ,.
If ‘Hll — H22| > |H12‘ then

Q

_ 2
A\ Hyii + Hoo iHu Hjo <1+( 2HY, )

2 2 Hyy — Hyp)?

Hyy — Hyo
iy

H2
{ Hll + 712
Hiy — Hyy'

Hjo +

Having determined the energies we calculate the wave functions

(H11 — M)air + Hizaz1 =0

2
H12

2 2 _
7(}[11 — )\1)2%1 +ay =1

1

a1 = —FF———
H2
V 1+ (Hll—u:\l)2

et cetera. So if |Hy; — Hag| > |His| then
)\1 = H11 and as1 = 1
implying a level swapping

10) = [8”) and [Ws) = [V).

13



3 Non-Identical Systems

3.1 Isospin Formalism

We define isospin from the Pauli isospin matrices

(01 (0 —i /10
T==\10)0=\i o) ™" \o -1

T = (Tu, Ty, T2)
t=—
2
From spin algebra we may copy the following relations
[tz,ty] = it, and cyclic permutations
[t27ti} = 07 1= x,Y,z
ty =t, +it,
toty =t —t,(t, +1).

We write the proton and neutron wave functions

It then follows

beion(r) = 5on(e), Laip(r) = ~ 2 (r)
t_on(r) = pp(r), t1op(r) = pu(r)

t—(pp(r) =0, t+<)0n(r) =0.
We introduce the charge operator

%@p(r) = @p(r)7 %‘pn(r) = 0.

For a many-nucleon system we define

A
Tz = Z(tz)i
i=1
so we obtain

1
Tz*i(Niz)



and for a given nucleus

A
T:|TZHTZ\+1,...,§.

Within an isospin multiplet it holds

Te|T,T.) = /T(T +1) - T.(T. £1) |T,T. + 1).

3.2 Charge Independence
Conservation of charge implies
[H,T,]=0
while for charge independence
[H,Ty] = 0.

The isoscalar Hamiltonian becomes

Z

12 ) 52 ) 1 A Z 2
M=) (U= Y g (Vi g Do Vs # 2

i=1 i=1 ij=1 i<j

However, introducing a mass difference

My + My

T
Am=m, —m=m—m,

1 1 Am
—n -2
m, m m
1 1 Am
a1+
m, m m

and making use of

1 for 4, j protons

0 otherwise

1= = (s + () = {

we should rewrite

B, < h2Am , 1<
RN LS N SO PN
i=1 i=1 ij=1

A A
2 2 62

R AT M B

1<j 1<j

The Hamiltonian is now seen to contain isovector and isotensor terms and
is no longer charge independent. Therefore

H=HP +H" + H

15



and we apply the Wigner-Eckart theorem

(G o ) TIEOID

o (o 7)o

(T, T.|H|T,T)

0 T,

_ T 2 T
s (o 7)) e

such that we find the isospin dependence of the energy
(T, T.|H|T,T.) = a(T) + b(T)T. + ¢(T)T2.

This is called the isobaric multiplet mass equation (IMME).

3.3 Isospin Wave Functions

The isospin spinors Ctlz/ 2

allow us to construct the two-nucleon isospin eigen-
vectors

(33 TT) = (st TG (1)C(2)

bt

in particular the symmetric triplet

11
(71 ) = G 2)

11
(5531 -1) = ¢, (),2)

53:1:0) = = (C6) + D)

and the antisymmetric singlet

11
ciL00)= \f@i/f/z( )CE,(2) = L1, 2).

For the proton-neutron case, the spatial-spin wave function can be written

w;:)tn(jajM JM) =N Z <jama7jbmb|JM> (@a(l)@b(2) + (Pa(Q)SDb(1>)'

Mea,Mp

We then impose antisymmetry on the full wave function

z/];_n(.ja]b7 JM)

= N3 Gamas Gl TM) (0 (D(2) + 2a(2)n(1)) (5 5:0,0)
"/}p_n(jajb; JM)
=N Y G jomal M) (2 (D(2) — 2a(Den(1) (5 571,0).

16



For two particles in a single j-shell we find
W(G% M, TT.) = N'(1 = (=) =717

o 1.1 1/2 4\ ~1/2
X 3 Gmgm|TM) Y Gt T 0m(Desm ()6 (16 *(2)
m,m’ ta,t!

z

from which it follows
J+T = odd.

3.4 Two-Body Matrix Elements

For an interaction
V= V06(r1 — I‘2)
with Slater integral

Vo [ 1

Ao = An T2|unlll (T)un212(7“)|2d7"

one can prove that

. . Ao . ,
(res TM,TTLV | jrgas M, TT:) = (21 + 1)(22 + 1)

X ((1 ()T (]%1 3'2 g>2 (D) (j;1 jg Jl)2>

and if jl = j2

N|—=

A
(j2, JM,TT,|V|j? JM,TT,) = 40 (2j + 1)

x ((1 ~ (-)"*7) ({ i ‘5)2 1+ ()7 < |

From this one can derive the parabolic rule of Paar

N

[
=S,
I
R
N———
N
N———

AB() == L )=t 1) i)

+ (J(T+1) = 3p(p +1) = jn(in +1))°)
where v? is the occupation probability of a given orbital and
u? + 0% =1.

The parabola is concave down for particle-particle and hole-hole configura-
tions but it is concave up otherwise.

17



Summary:
large-scale shell-model calculations

e One determines the nearby closed shells so as to fix the number of valence
protons n, and neutrons n,,.

e The active particles (or holes) define the single-particle orbitals j,,, ... and
Jny, .- that determine the properties at low energy when constructing the
model space.

e One sets up the model space and the configurations that span the space
for each J™ value. The basis configurations are denoted |(jp,Jpy---)" Jp,
(Jnidng---)"" Jn; JM), meaning that one constructs the proton n, particle
state J, and multiplies it by the neutron n, particle state J,, coupling
both to total spin J. The basis has n(J) basis configurations.

e Starting from the single-particle energies Ejp,+ €jn, and the two-body ma-
trix elements for identical and non-identical nucleons, one builds up the
energy matrix [H;;] and diagonalises the n(J) x n(J) energy matrix. Thus
one obtains the n(.J) energy eigenvalues and n(J) corresponding eigenfunc-
tions.

e With the wave functions ¢;(J;") and 1/)f(J}Tf ) we calculate the physical
observables that we compare with data and so improve iteratively upon
the procedure above.

18



ELECTROMAGNETIC PROPERTIES IN THE
SHELL MODEL

4 The Electromagnetic Field

4.1 Introduction

For a photon described by a plane wave and energy relation
1 eik'r
(2m)?
E = hek

the density of states in an elementary volume V = (27)3 is given by

AN 5 5
dE 27rh3dE/d /d

1 dp d 9
- 2 )
h3dEdp/p dpd

k‘2
= — Q.
hc/d

_2id7N| ,|2
" h dE

Fermi’s Golden Rule

can be written

2 k2
dw =" M de.

The interaction Hamiltonian ib given by!

H:—l/j-Adr.
C

We build the electrical field from the helicity unit vectors €5 x=+1

1 0A
E = —(——
c Ot
: (k-r—wt)
iw
— N4 s
¢ & 0 o) €r) + cc
such that
s W 42
8 - 072 0
while for the energy density of the photon
£ _
4t (2m)3°
Therefore

i(k-r—wt)
271- o Z e,y + cc.

IWe use Gaussian or cgs units. For the conversion SI ¢+ cgs, use g > 1/4mw and B > B/c

19



4.2 Second Quantisation

In second quantisation the previous formula becomes

he dk , .
A(r,t) = \/722/ (b (k) ék)\ez(kr—wt) + b;(k) éz)\e_l(k'r_wt)),
2m S V2k

For the creation and annihilation operators it holds

(k). bL (K)] = 6(k —K')drn
= %5(}2 — Kb

If the photon takes an angular momentum, we need to project it onto the
axis that defines the components m, [ by means of the Wigner D matrices. For
a photon moving along k with helicity A\ we write

Z |KIA) (RIAKA)

kA)

ZDW\ ) klm) (EIAKN).

We use the orthogonality relation

. A ’ ~ 47T
/Dfm(k)Dfn',\(k) dQy, = 01 15ll/5mm’
to find that
20 +1 .
|klm) (KINKX) = % DY, (k) [KA) dSy,
7
and thus

20412 R R
<klm|klm><l<;l/\|k/\>2:( 14; ) / DY\ (k)DL (K') (K A|kX) dQdSy

2+ 1
(KA = /=
21
oy =57/ H DL (k) [klm; A)

lm

Z /2l+1D b;ﬂ)\(kj)

im

Because of

we define by analogy

The electromagnetic field now appears like

[ he k2 dk :
=3 Z\/zz / Ner: (bumix frmsae ™ + 0], £ ne™?)

20



with
fimin = /Di;i,\(A) erre’ T dQy.

We would like to decompose the field in electric and magnetic multipoles.
We consider the reflection operator P

PlkA) ==k, —})

Plklm; \) = (=)!klm; —\)

and therefore
Pb}m;)\Pil = (7)lb2‘m;—k'

Introducing the polarisation variable ¢ = 0,1, the creation operator that
takes parity properly into account is expressed by

. 1
=2

- \/i(bT + (_)Ub;m;fl)

lm;l
such that (o)t o
o — l+o01 (0
Py, TP = (=)o 7T

ilm

For electric multipoles of order 2!, ¢ = 0 and the parity is (—)! while for
magnetic multipoles of order 2!, ¢ = 1 and the parity is (—)!*!. The photon is
written

ko) = = (k. 1) + (-)7lk, 1))

Defining
o 1 o
£ = <5 B + (=) fim-1)
we obtain
[ea ag ]‘ o o
Dottt = 5 Y G + (=) D) (B + (=) i)

g
= g bim:afim:x
)

such that for the electromagnetic field

he 2K () o(0) —iwt o (@)1 ¢0)% iw
A(r,t) = ’/@Z\/%H/Tﬁ (byo) £17) et 4 b)) ity
Imo

We note
5(k—K)

(o) (@)t —
bl (), B3 ()] = 25

lm » U m!

6ll’6mm’ 60’0” .
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4.3 Matrix Elements

The matrix element can be expanded as

Myi(ko) = (f;ko|H|i;00)
= Y (kollmo’)(f;1ma’| H|i; 000)

lmo’

= Y (kollma’)(£;000/b(5,, H]|i; 000)

lm
Ilmo’

= —% Z(kaﬂma’)/dl‘ (flild) - <000H lm ;, A[000).

Imo’

We insert the expression for the field
(000] (677, AJ[000)
h ]{1 dk o o o )%
= (0001y/ 5 < Z VU / 1 bt £ it 000)

— (000| V21 £77% et 000)

16 3k
and we find

Mfz kO' \/167'(73]%2 ka\lmo 2l+ f|/ lm J dI‘|

We decompose according to helicity
1 /
(kollma”) = S((k 1]+ (=)7 (k, —L)([klm; 1) + (=) [klm; —1))
= Sl AR 1) + ()7 (k1 ;1))

and recalling the earlier result

s \) — ,/2”1/1) K)lA) dO,

we calculate

(ko|lma')

\/?/ Dl* k 1|k 1> ( )U+U’Dl* 1< _1|k —1>)k2dk‘d9k
™

2041 * o+o’ *
1677r(D’l”’1 +(=)7t D ).

The matrix element becomes

l* o+o’ ik (‘7/)'
My (ko) ].671’2 Ve Z 204+ 1) (D1 + () Dy, _)(fIMy,, 19)
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with the nuclear structure in the transition determined by

M) = / i) dr

We apply the Wigner-Eckart theorem

a0y = 7 (i) s

and observe the conditions

|Jp—Ji| <1< Jp+J;

to obtain the transition rate
dw k , Jy I J; Jr U J;
00 = TosehE 2 (@D (—Mf m Mi> (—Mf m Mi>

W eo'a!

X (Di;’kl,l +(=)7*° Di:;,—l)(Dfn,l + (*)JJFU Din,—l)

s (TEIMS N TN T 1M )1 i)

If the initial system is equally populated in all its magnetic substates and
the final magnetic substate is not detected, we must average over M; and sum
over My. We rely on the unitarity of the Wigner symbols to write

dw k 20+ 1

0= oarnE 2= 57 m 1 Pmat ()7 D ) (D +(2)7 Dy )
lo.la// T

s AT IME TN T 1M 7.

Conservation of parity [ + ¢’ implies that only one o’ survives for every [, as
determined by the final polarisation o

dw 21 + 1 o+o’ Nl 2 (‘7,) 2
dig 1287T3h62 ZZJ +1 m,1+(7) Dm,—1| <JfHMl HJ1> .

If we do not detect the polarisation nor the magnetic quantum number of
the emitted photon we sum over ¢ and m. We use the relation

Z D!, D%, =3,

to arrive at

dw k 20 +1 oo o
@ = Tmehe 2oy 1P O D 1[I 107172

2l + ]. l 2 1 9 (0/) 2
647T3h02 Z 2J 1 m,1| | m, 1| )<JfH 1 H >

204+ 1 (o)) 2
(TAIM T2
327r3hc2z2j +1 (T T
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5 Electromagnetic Transitions and Moments

5.1 Transition Probability

In the expression for the nuclear matrix element
(o) _ (o) s
M f/fl;; -jdr
we can develop the plane wave fl(;)* in spherical Bessel functions

T = dr > it Yo (R)Yy, (K)ja (kr).
A

For the long wavelength limit kr < 1 (with r the nuclear radius, the transi-
tion energy should be F < 3 MeV) and

. (kr)?
k)~

Working through it with some application one can show that

@) 8r2c(—ik)! [+1 (o)
tm 20+ )\ w20+ 1) Tim

with
b = /Tlein p dr

on _ L[ (L G :
i = c/rYlm(l+1V (rxj)+cV m)dr.

The transition rate becomes

dw 2 I+1 k2 AR
aQ  h EI: (20412 2J; + 1 ol

and if we introduce the reduced transition probability

1

Blol) = (2J; + 1)e?

(JH1Q17:)?

then the partial transition rates are given by

8me? [+1
Bol((204+ 1)M)2

kK2 *1B(al).

Wol =

The transition rates thus show a 2l + 1 dependence on the energy that is
removed from the reduced rates.
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5.2 Single-Particle Estimates

If we consider the nucleus as a system of point charges then

A
= Z €;0(r —r;)
i=1

For electric transitions

1 *
B(El) = mwf\\ / o) e

Jf”Z —riY 7 (05,001 )°.

For magnetic transitions we use integration by parts

1 1 L (V(rx]
BON) = Gt v (T ey m) a
= ; 1 IN*Y . I‘Xj \2
- (2JA+1)2<Jf|| /V(TYZ) <l+1+cm>dr|Jl>

éh
- <2J+1 ISVl (gl e ) 107

. 1
= Eiil‘Y*'Lli ~gisi | |I1i)?

where we have introduced the spin gyromagnetic ratio ¢g°, expressing the
magnetic moment in units of nuclear magneton uy

eh

p=png® = 5—g"°
2me

For one particle outside the core the electric transition rate becomes

1
B(El) = 57 +1 <Jfo|| rYZ | JiL:)?
e\’ 1
= — LY: *L‘Q \2
e) 2Ji+1<Jf f” l”Jz 7,> <7“>
1 e 2 Jf l Jl 2 I
47r(e) (2J5 + 1)(20 + )< i ;> (rh)

We choose a radial wave function given by

C forO<r<R
R(r) =
0 forr>R
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for which the normalisation condition

R
CZ/ r2dr =1
0

yields
3
Therefore
R
<7’l> = % ' 2dr
0
3
= ——R.
[+3

If we consider a transition L+ 1/2 — 1/2 then L = [ and the single-particle
estimate is called the Weisskopf estimate. Assuming é = e,

1 Lo L+ N/ 3 \?
Wg(L) = —@L+1)( 2 2 -~ ) R*®
L) = gk )(é 0 3 ) (L+3>
1.22L /3 \?
_ A2L/3 2L
47 <L+3) (fm)

with the approximation
R=12AY3fm.

The nabla operator reduces the angular momentum rank of the magnetic
transitions with one unit such that the photon carries away AL = L — 1. A
transition L 4+ 1/2 — 1/2 is thus a spin-flip event and one can show that the
Weisskopf estimate

10 oz (3 ) @er-2)3 (I ’ 2L-2
71(1'2) <L+3> A 2me (fm) ’

While for free nucleons

W (L) =

ép =€, g, =558

&, =0, g5 = —3.82

it appears that experimental values are better reproduced by introducing
effective charges, for instance
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5.3 Quadrupole Moment

The electrostatic quadrupole moment is defined by

Q= /(322 —r?)p(x)d®z

or for a quantummechanical system of point charges, where by convention
it is divided by the electrical charge and evaluated for the maximally aligned

state,
167 < &;
Q:MM:JW?rgbﬁEMMWLM:A

The Wigner-Eckart theorem yields

167
Q = \/5<_JJ (2) :;) J||Z 7Y J)
AT+ 1) HZ Y ))

_ | Ji6r 2677 -
B V@I +3)(2J +2)(2] +1)2J (2 —
1/2
J(2] )( g 1)) (J]| Z Y| J).

- ¢TT<QJ+$@J+U

We insert the reduced matrix element
J(J+1)(2J+1)
VJJ+12J7U@J+U@J+$

(JIIY2]|l]) =

to see that, for one particle outside the core

A charge distribution for which the intrinsic quadrupole moment @ < 0 we

call oblate, while if ) > 0 we call it prolate
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5.4 Magnetic Dipole Moment

We define, in units of nuclear magneton and for a maximally aligned state,
p= (LM =Y gl + ) gisald, M = J).

We rewrite and apply the Wigner-Eckart theorem

po= JJIZgZy“JngZ—gls“uJ)
= (JJ (1) j) JIIZM#Z 9; — 91)sill )

- \/(2J+1) R “Z%JﬁZ (95 — g)sill ).

It can be shown that

(317 = v/ 2T + 1T +1)J

2J+1

Vlsi) = 50 5 7

(J(J+1)+§—l(l+1))

such that the single-particle Schmidt limits become

3
= Ji+ ——— (JT+D)+ == 1(1+1)(¢* - ¢
I g+2(J+1)((+)+4 (+1))(g°—g)
1
{ng+2(gsgl) for J =141
Jg' — (g° — 4" for J=1-1.

2(J +1)

For free nucleons, one sets g}, = 0 and g}, = 1.
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SUPPLEMENTARY
MATERIALS

Selected Experimental Techniques

Beam purification

Nowadays much of the experimental research that is related to the shell
model concerns nuclear structure at low energy of exotic nuclei far from stability.
The nuclei of interest are often produced at low rates within an overwhelming
background of contaminants. The purity of the extracted beam becomes of
utmost importance and techniques for its purification are among the central
topics of instrumentation. As examples we cite lasers, ion traps, coincidence
measurements.

Resonant laser ionisation

The atomic emission or absorption spectrum, ie the position of the electronic
levels in the atomic shell structure, is unique for a every chemical element.
Resonant laser ionisation therefore offers an opportunity to select, among the
many residues of a nuclear reaction, one given element of interest. It is the
idea behind the laser ion source, that when coupled to an electromagnetic mass
separator, allows to extract a beam that is isotopically pure.

The hyperfine interaction between the nucleus and the electron that is ex-
cited by the laser light leads to a splitting of the energy levels. The effect is
visible with lasers the bandwidth of which is sufficiently narrow and it opens
up the possibility of intrasource laser spectroscopy, yielding access to nuclear
charge radii and magnetic moments.

Ion traps

The Laplace equation shows that any constraining movement in one direction
is always accompanied by a diverging movement in another direction. In a Paul
trap, however, a quadrupolar electrical RF potential is successfully employed
to confine charged particles of a given mass. In a Penning trap confinement
happens by means of an axial magnetic field combined with a quadrupolar
electrostatic potential.

When exciting the eigenmovement of ions in a trap, in particular the one
given by the cyclotron frequency w. = ¢B/m, the Penning trap becomes a mass
filter. A series of several Penning traps then allows for mass measurements with
precisions of up to 1078 for radioisotopes, 10~1! for stable nuclei.

Coincidence measurements

The occurrence of simultaneous events that are physically correlated is a
clever and efficient tool to reduce experimental background. For example, the
~ transitions from a § emitter will come out more clearly if one requires that a
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8 particle was detected together with the « ray, or nuclear levels populated in
a (d,p) transfer reaction will be better visible if one imposes a time coincidence
between the escaping proton and the heavy ejectile.

Spectroscopy at rest

Spectroscopy at rest may pertain to those techniques that are commonly
known as isotope separation on-line or to reaction products from in-flight tech-
niques that are subsequently stopped. They include «, (3, v decay spectroscopy,
high-precision mass measurements through trap spectroscopy, high-precision
moment measurements through collinear laser spectroscopy.

In-flight spectroscopy

Under this heading we place the study of ejectiles that emerge from nuclear
reactions at energies of tens to hundreds of MeV /A as well as reaction products
from isotope separation on-line that are post-accelerated. According to impact
parameter and energy regime, one may distinguish between Coulomb excitation;
transfer and knock-out reactions; deep inelastic and fragmentation reactions;
fusion-evaporation, fusion-fission and multifragmentation. Multi-detectors such
as staged silicon arrays, BaFs, Csl, or LaBrs scintillator arrays, or germanium
semi-conductors grow increasingly complex. Half-lives of nuclear levels can be
measured with the plunger technique.

Nuclear forensics

These days the applications of nuclear physics are numerous. Energy, aerospace,
medicine, datation, detection (airport or container security) are examples but
we can also mention non-proliferation and verification of international treaties,
known as nuclear forensics or sometimes nuclear archeology.

Emerging over the last few years as a new discipline in its own right, the
purpose of nuclear forensics is to determine the origin and history of environ-
mental contaminations or confiscated nuclear materials. Nuclear spectroscopy
by means of «, 3, vy ray detection is capable of establishing a fingerprint with a
precision that goes down to a picogram. With Resonance Ionisation Mass Spec-
troscopy (Rims), resonant laser ionisation is used to select the element of interest
while a time-of-flight measurement will determine the mass of the isotope. This
technique is directly related to the physics of superheavy or exotic nuclei and
can detect traces of radioactivity down to 10%-107 atoms, ie femtograms.
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Selected articles from scientific journals

Persistence of magic numbers (in-flight v spectroscopy)

e R Bengtsson and P Moller, Nature 449, 411 (2007)

e D Seweryniak et al, Physical Review Letters 99, 22504 (2007)
Persistence of magic numbers (post-acceleration & particle spectroscopy)
e P Cottle, Nature 465, 430 (2010)

e K Jones et al, Nature 465, 454 (2010)

Disappearance of magic numbers (in-flight v spectroscopy)

e B Bastin et al, Physical Review Letters 99, 22503 (2007)

Superheavy elements (coincidence technique)

e M Stoyer, Nature 442, 876 (2006)
e R Herzberg et al, Nature 442, 896 (2006)

Superheavy elements (ion trap)

e G Bollen, Nature 463, 740 (2010)
e M Block et al, Nature 463, 785 (2010)

Isospin (in-flight v spectroscopy)
e B Cederwall et al, Nature 469, 68 (2011)

Paar parabola (ion traps & intrasource spectroscopy)

e J Van Roosbroeck et al, Physical Review Letters 92, 112501 (2004)

Electromagnetic transitions (Coulomb excitation)
e J Van de Walle et al, Physical Review Letters 99, 142501 (2007)
Electromagnetic moments (intrasource spectroscopy)

e T Cocolios et al, Physical Review Letters 103, 102501 (2009)

Nuclear forensics (87 spectroscopy & resonant laser ionisation)
e M Kalinowski et al, Complexity 14, 89 (2008)
e M Nunnemann et al, Journal of Alloys and Compounds 271, 45 (1998)
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Appendix

81. The associated Laguerre polynomials

n k
a _ (7) a+n k
k=0

are the solutions of the Laguerre equation

2y’ +(a+1—2)y’ +ny=0

y = Ly(x).
If now s
=27 e L (a)

then one verifies that

2n+a—+1 x a®>-1
" 2/ nr—a—+L1 L —0.
Ty + 2y + ) 1 1 y=0

The equation

2n+a—+1 V23 a’? -1
" 9 ’ 1 Ay =
Yy + 2y + 5 v 1 P y=0
is solved by
2
y=gx 2 e " ?L%(va?).

It can be rewritten

u
y=-
x
a—£+1 n==k
= 5 =
u”Jr((4k+2€+3)1/71/2x27K(z—gl))uzo
x

and its solution becomes

—vaz? 1/2
U:$[+1€ v /2L£+ / (VCL’2)‘

Here the Laguerre functions are defined through the gamma function instead of
factorials. So we introduce the Pochhammer symbol
I'(z+n)
(@)n = =57~
I'(z)
and we express the Laguerre functions for non-integer a by
k

a _ (a + 1)n = (—’I'L) x
Ln(@) = n! kZ:O (a+1];k k!

Indeed, for integer a this reduces as follows

I'(a+n+ DIk —n)z*

b= ki:() nD(—n)(a+k + 1) k!
- §M(_”)(—n+l)...(—n+k—l)z’:
- ; n(!aain;!)' (Sik:)" :/C?T
- S ()
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§2. Two angular momentum states can be coupled to a total angular momentum of
zero. Normalised and antisymmetrised we write

_ =)y . .
|Po) = ; ﬁb:m)b: —m).

Introducing the Wigner 1j-symbol

( J ) - (7)j+m5m,fm’ = (7)jim/5mvfm,

mm/

this becomes

R L )

m1,m2

For non-zero couplings we define the Clebsch-Gordan coefficients,

gz im) = > (jima, jamaljm)|jima)|jama).
mi,ma
There exist many symmetry relations, such as

(jima, jamaljm) = (=) 727 (jama, jrma|jm).

When we couple three angular momentum states to a total momentum of zero,
we may write

== 3 (2B sl
mi,m2,m3

where the Wigner 3j-symbols are given by
71 G2 3 (_)jl —Jj2—m3 ) ) )
=—~————(j1ma1, jama|jz — ms3).
(m1 e mg) eS| (j1ma, jama|js — ms)
For jo» = m2 = 0 one indeed verifies that

(_)jl*ms

[Wo) = — Z W(J&ml,OOIJ’afm3>\j1m1>|00>ljsm3>
mi,m3
y i) sms)
= - —a——=041.330m1,—m3 |J1ma)|jzms
o V2s+ 1

[@o).

It can be seen that swapping two columns in the 3j-symbol introduces a phase
factor (—)71792%93  Among the many other symmetry properties we quote the
unitarity relation

Z Jvog2 g3\ (g g2 s\ _ 1 Sia
m1 me ms) \mi1 mhH mg 2jp + 1 7227m2m2

mi1,m3

When coupling three angular momenta, several choices can be made for the
intermediate state. The transformation between the different sets of eigenvectors
is given by (we use the shorthand notation J = v/2J + 1)

|71 (j273)J23; T M)
= > ((Grdz) Jrzdis; J|jr (Gags) Jos; J)| (G152) Jrzgs; J M)

Ji2

33



B E (_)31+32+13+JJ12J23 {jl Jj J12} \(]1]2):712]3; JM).
Tia J3 23

The 6j-symbol can be written as a contraction over products of 3j-symbols. It
holds

J1 gJ2 J ik J3 jo k Ja
2k +1 i .
Secnil 7o (G o (A 61
_ Niotdat+2ia (J2 v J\ (s Ja J
_() 11 9 1 _1 1]
2 2 2 2
] ] J j k 7 j k 7
2% & 1)(—)* J_1 ]g J1 J3 J2 J4
Z(+)(){J4Jsk—%0% -3 0 3

k
— (—)r+i2=2s jo g1 J\ (J3 ja J
- -+ L oj\L - o)
2 2 2

SIS

When coupling four angular momenta, one defines the 9j-symbol,

|(j173)J13(j2ja) J2a; JM)

o J1 J2 Ji2
= Z Jizdoadi2d3a § Jz ja o Jza p |(G1g2)J12(J3a) J3a; JM).
J12,J34 Jis Jaa  J

The 9j-symbol also can be written as a contraction over products of 3j-symbols.
We note the following property

. . _ ) . g1 g2 J
{ﬁ o Z}ﬂ—)””*“*’vk js g
kE k 0

The Wigner-Eckart theorem allows to separate matrix elements of spherical ten-

sor operators in a geometrical and a physical part, the latter called the reduced
matrix element,

E g

(ajm| O’ j'm')y = (=)~ ( J ) (eI T® a7,

-m K m

If now the tensor operator is a spherical tensor product
(k)

K

T,gk)(l,Q) — [T(kl)(l) ®T(k2)(2)]

S (s, s ) TSV (DTS (2)

K1,Rk2

then one can show that

(1], anga; J|T®) (1,2)]al 1, abgid; J')

o g2 J
=JJkS gt gb I (i THV o g1 (o [ TH? [ s).
ki ko k

If one of both operators is the unit operator then this simplifies to
(a1, g J|T® (1) e, eaias J')

L KAt LA I STl AT A
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We define the scalar product as a spherical tensor product of rank zero

™. u® = () [T(’“) 2 U(k)] ©
0

= (k> (ks k —kl00) TP U]

S (rrRut)

K

for which case the reduced matrix element becomes

(g1, azgo; J|TH (1) - UM (2) ||t b T

ki 737 j1 j2 J k ! -1 k ! -1
= () kJT G0 b Ty (|| T |adgi) (g [ U || abb)
kE k 0

j Yy 2 J ; ) . )
=y {0 T e T ki) (0ai [0 ko

§3. Any vector a(x,y, z) is a spherical tensor of rank 1 with components

1 .
at1 :—ﬁ(x—i—zy)
apg =z
a —i(m—i )
—1 \/§ Y).

Knowing that

( J 1 ]) = (=)™ m
—m 0 m 2 +1)(G+1)J
we can apply the Wigner-Eckart theorem to find that

m

)% - (jl|all)-

Gmlelim) = (DG 05

We note furthermore the results
Gl = v (25 + 1) +1)5

G 2t g
(lells) = 7(j+1)j(1(3+1)+4 [l +1)).

From the reduction rules for spherical tensor operators one obtains

. . et i’ l 1 j
WVl d) =37 {8 v,

Calculating

, k(1 kU

it can be shown that

‘ , ey 30k (G ki) 1 '
(l%;gHYkHl'%;]’) _ (_)H-l +1/2—35" 7] ( J 0 J ) 5(1 + (_)H—l +k).
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Using the relation

( J 2 ]) — (_)J*m 2(3m _j(] + 1))
—m 0om V@i +3)(27 +2) (25 + 1225 — 1)
we find in particular
é _ .( . .
JG+1))(25 +1)
(13:3I1Y2lll5:5) = \/ G : .
™ /(25 +3)(25 +2)(2j + D2j (25 — 1)
§4. Combining the results of the previous sections we can now show that

> il
k

o
Samp s [ Gl G

= ZFO Y241 4+ 1)(2)2 + 1)(2k + 1)
Jioge J ik 5 J2 k g2\ 1 k
: . (1 _
B2 D LD S Hioeon
FO o . . .
= —(231+1(2j2+1) (—)H_Jl 2t (le il {) (zll
2 2
NN S TR AN T S
+(7)1+]1 jo—J (222 ]11 0) (]11 221 0)
2 2 2 2
2 .

2
1 1
-3 —3 1

F . .
= 7(2J1 +1)(2j2 +1)

and in a similar way

F° ) P
oGt = S 2h D@+ D) ()R
k
. . 2 . . 2
% (]11 J21 J) 7(7)l1+12+J(]11 J21 J)
-2 —3 1 2 —3 0
such that
AE(j1j2;J) = kaFk_(_)jﬁjz—ngka
k k
F° . [T T AN S T S |
= SR+ 1 7))+ 1
2 2 2 2

Jiog2  J 2 Ltlatd (J1 J2  J 2
—\-1r _1 4 +(-) 1 1
p) 2 p) 2

0

- %(2;'1+1)(2j2+1)(1+(—)“+12“)(jl % J).
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§5. Starting from the definition
fim = /Dﬁx(f() &pae’ Ty,

developing a plane wave in spherical Bessel functions

eik-r =47 Z ’L‘A Y>\,u (f')YA*#(lA()]A (k’/')
Ap

and rotating the helicity vectors to spherical unit tensors of first rank
=2 il
we can write

o) % 1 * o px
i = T(flmu*(*) fim;—1)

= Dy (k) &fre™ ™ — ()7 Dy (k) €57 dy,

_ /D A ekl 7zk<r _ (_)oJrleik-r) ko

= Z )T g (k) Yoo, (& /Dm1 ) €51 Yau (k) dQy

= Z =)7 Y ia(kr) Yo, (¢ /D (k)D,, 1 (k)Yau(k) G, dQy.
)\,u,u

‘We now use the identities

47

A1 * 1
Dio(k) = mYm(k)
l l l l l l
Iy Iy _ 1 2 3 1 2 3 I3
Dmlm’l szm’ - 2(213 + ) (ml mo mg) <m’1 m/2 mé) l)m;;mf3
4 *
/D k)DL, (k) dQy, = 2l+15” i —
to pursue
£l = 7\/2WZ¢*((7)* — ()TIVN T jia(kr) Yo (¢ /D (k)D,, (k) D)5 (k)

Apv

m v
AN pv /.L

X / Do (k) DNy (k) 1, dS,

o 1

Apv

For electric multipoles, 0 = 0 so only if A =14 1 the 3j-symbols survive. Then

a, dQy

_\/ﬂzi*((—)*—(—)"“)\/ﬁ(QA’Jrl)(l ! ’\/> (l ! X)j)\(kr)Y;ﬂ(

—\/32n32¢*((—)*—(—)”+l)\/2/\+1(Tln i ’\) (l fl S)jx(kr)qu(f-)ﬁy.

£ =— V12873 ) ((—i)l‘1 20—1 (fn i = 1> (l Lo 1) Ji—a (k)Y L (R) @,
puv

I 1 -1 0

) 1 1+1 I 1 I41). A\
I+1 *
+ (=) V2043 (m v ) (1 10 )Jl+1(k7")Yl+1,u(r) uu)-
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It holds

1 [-1 _1 I[+1
G4 ) =0 a ey

0
l 1 141\ (_)l+1 l
1 -1 0 o 221+ 1)(21 + 3)
therefore

. 1 l[+1 I 1 1-1\. « RN
(0 - - Verm Y (i [LEL ( )Jl_1<kr>m,u<r> 8
%

20+1 \m v I

. /1 I 1 1+1\. « N A
4t m(m , i >]l+1(k:r)Yl+1,M(r)ul,).

In classical electrodynamics one can show that
E)* ! I 1 1-1\. .« . 1 I+1\ . . .
Al(m) = (—) Z ( 1+1 <m v L )Jlflylfl,uuv - \ﬁ <m v L ]l+1Yz+1,uuu
12274

such that we may identify

S
g —grr G g
w2+ 1)

If 0 =1 then A = [ and a similar result can be obtained for the magnetic case.
We use

(l 1 z)_ (=)t
1 -10 V220 +1)
(M)x _ (I U A
ALD" = ( >§W+1(m L )i,
and find

" . I 1 1 l 1 AW KA o~
= ey eavart (L D (E Y D,
IJ/U

V6ars > i (1; i L)jz(k:r)YlZ(f) 0,
HI/

S T ) N
@ +1) ™
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§6. For a free field the Maxwell equations of the vector potential reduce to the wave
equations
10°A
VA - = = 0
c Ot?
V-A =0

the general solution of which is, for magnetic multipole radiation,

An’ = ’ﬁ(r X V) (i (kr) Yim (£))
~ K DT (;
- _(21—1-1)!! l(l+1)(r X V) (1" Yim (£)).

The electric field that is free of sources is defined by the Maxwell equation

5:%V><B.

Above we have seen that there exists a phase factor —i when rotating from f;yf s
to fl(gﬂ hence there also is a phase —i from fl(rjr\:[> to fl(T? and we only need a

;M) to Al(fl). The relation

factor —1 from A, -

VX (rx V) = 1V% — V(1472

or
then allows to obtain the electric solution
1
AP — VU x (v x V)i (kr)Yim (F
im PV (r x V) (u(kr)Yim (1))
= ;(rvz—vuwﬁ))('(/ﬂmy (#))
EVIT+D o’ T
1 1o}
= —————— V| =—julkr)Yim(r
NI, (ar(m( T (r)))
kY I+1_, .
@V T VrYm(®).
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§7. Applying the continuity equation to the emission of a photon
(fIV-jliy = —(f | \ i)
— 3 I pll)

(B~ E){floli)
~ike {f]oli)

and recalling our earlier result
M) = / £7)% § dr

the electric matrix element becomes

-1
Ml(rf> — ( Z) A(E>* jdr

\/ (20+1)

o (—ik)! 1 1+1 / )
- v
8 (2z+1)!! T2+ 1) V('Y (®) - dr

o (—ik) ™t I+1 /
= Y
S\ m@it ) T m®) v egdr

ik)! I+1 .
= 8l v d
2z+1" 7r12l+1/ im(F) pdr.

The magnetic matrix element is written?

k) .

MM - _g (’ x V) (rYE (#)) - j d

im a 20+ D)7l + D2+ 1) (F X V)(rYim(®) - J dr
— s “W V(Y 8) - G x x) dr

2+ D) /7l(+ )20+ 1)

- ’ (Zik) YRV - (G x ) dr
- U+ D)/l + 12 + 1) Yim(£) V- (j x1)dr.

At this point it is appropriate to introduce spin as a manifestation of intrinsic
magnetisation (we use a shortcut notation for the numerical factor)

MO = kO [ PV @) V- (G4 ¥ % m) ) dr.
Knowing that

Vxr=0

while for any vector field a(r)

(rx V) (Vxa)=-V(r-a)+ %%(r2v~a)

Vi(r-a)=r-(V’a)+2V-a
and using the Helmholtz equation for a spatial wave

(V> +k)m =0

2We use the relation a- (b x ¢) = c¢- (a x b)
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we transform the part of Ml(:nw) that expresses intrinsic magnetisation®
M = cn(l)kl/rlYl’;n(f') V- ((V xm) xr)dr
= cr(Dk /rlyl:n(f«) r-(V x (V x m)) dr
= cr()K /rlYlfn(f') (rxV)-(V xm)dr
i In* o 2 10,4
= DK [ Vi) (-VAEm) 4 S0PV m) ) dr

_ cn(l)kl/rlYl’;n(f) (—r~(V2m)+r%(V-m)) dr

(K /TZYl*m(f') (*r-m — (I +1)(V-m)) dr

In the long wavelength limit kr < 1 the first term disappears so we find

_ik)! 1
M&mz—SwQ (=ik) L+

Vi d
“Crron\ w1 /’" m(F) V-m dr

and therefore

I+1
@+ DI\ 72+ 1)

MM ~ —8x? Y ( r)

l+1 (rXJ)+cV-m>dr

If now we hark back to the classical definitions of the electromagnetic moments
that tell us that the electric moments arise from V - j whereas the magnetic
moments from V - (r x j), to which one adds the intrinsic magnetisation current

cV xm
0= [

1 X 1 .
l('r]::f) = _E/Tlizm <ﬁv (r ><J)+cV~m) dr
then we may write the relation

871'26(—7;]6)l [+1 (o)
@+ \ 7@+

Mz(;) ~

3Recall V-(axb) =b-(V xa)—a-(V xb)
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Exercises
1.

.2 .2 A(()T) . 2
G2 ITIVIF IT) = 22 (2 4+ 1)

S ((1—(—)“7‘) (1 2 9) +oron(d

1
2 2 2

[SIEEREN
I
Lo
N———
N
N——

We apply this for a 7 f7,2v f7/2 configuration. For T' = 0, J is odd:

.J2 ..J2
GG )
2 2

N
e}

2 2 Aéo) . 2 J
(G5 J0IVIj%J0) = ——(27 + 1) | (1
2

2 T2 1\ 1 /1 2 T2 1\ 2 /1
iy 1/ 0) 6\ 14 1y 1o 1) 3\ 7
2 T2 3\ 1/ 3 2 T2 3\ ]2
Yo —1p 0) " 2V 154 o 1 —1) V 77
2 T2 B\ 5 3 2 T2 5\ 9 5
o —1/2 0) = 2V 2002 Yo 1y —1) " 1001
2o T2 T\ 7 | 5 e T2 TN\ _ 1 /35
o —1/2 0) 6 286 o 1o —1) 3V 143

(10|V]10) = 2.095 A

(30|V|30) = 0.987 AL”

(50/V[50) = 0.939 A

(70|V|70) = 1.632 A

For T'=1, J is even:

‘ . A A
(% TV 1) = = (25 +1)° (JL ! 0)
2 2

/2 T2 0\ /1
s —1/2 0) 8
2 T2 2\ 1 /5
o —1/2 0) 2V 42
T T 4) _ T
gy —1/2 0] 2V 154
6 v
o —1/2 0) 2V 858

(01|V]01) = 4.000 A"

(21|V[21) = 0.952 AV

(41|V]41) = 0.468 A"

(61|V]61) = 0.233 AV

Given an interaction strength AéT) = (14 ar1-712)Ao and a = —0.25, which will

be the ground-state spin and parity of this nucleus *>Sc? Considering figure 3.58, what
would rather be the experimental constraint on a?
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2. The Weisskopf estimate for an E2 transition in 7O is given by

1.2 9
We(2l) = -5 172 fm?

= 260 fm”.
However, this assumes a L 4+ 1/2 — 1/2 transition instead of the actual 1/2 — 5/2
case so we need a statistical factor of 6 instead of 2. Then
B(E2|) =179 fm".

The experimental value is 6.3 fm?*. Therefore the effective charge is

: [6.3 .
B 7.79
= 0.90e.

and the neutron would almost behave as if it were a proton. It turns out that
more accurate calculations of (7‘2) yield a value that is twice as large, hence an effec-
tive charge that is only half as big.

3. We consider the 07 — 27 transition at 1492 keV in %°Zn (J Van de Walle et al,
Physical Review Letters 99, 142501). For this nucleus, a Weisskopf unit equals
We2)) = = =80 fm
= 2048 fm".

Experimentally, B(E2 1) = 0.073 ¢?b® which is 730 e*fm* (1b = 1072 m?).
Therefore B(E2 |) = 146 ¢?fm* which is 7.1 Wu so the transition is collective. The
partial transition rate becomes

8me? 3 5
w2 = 355 5.9.95 0 P2
4m (4.803 x 107192 5 _eo esu’
= T 1.492° 146 x 10760 — <%
75 (6582 x 10-2)6(2.997 x 1055 492 M6 10
3
= 212x10° L g em

1.602 x 10—13 kg m3s
= 132x102%s %

Remember that we work in cgs units, for which charge is expressed in esu. In the
cgs system, for two point charges that are spaced 1 centimetre apart the electrostatic
force is equal to 1 dyne. Therefore 1 g em/s*> = 1 esu®/cm? and esu = /g cm3/s.
Also 1 C = 2.997 x 10° esu resulting in an elementary charge of 4.803 x 10710 esu.
For the half-life of the excited state we deduce

In2

t = —
1/2 W

= 0.523 ps.
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2011 Examination

1. Describe the mechanism(s) that lift the degeneracies shown in Fig 3.59.
How is this different from the case of Fig. 3.427

2. In Fig. 2 of the article “Unambiguous identification of three -decaying
isomers in °Cu”, describe the single-particle structure of the three isomers that
were observed in the 3 decay of "°Ni to "“Cu (these are the ground state, one
state at 101 keV, and one state at 242 keV). Explain how the parabolic rule
of Paar is used to interpret the spin values and therefore the existence of these
isomers.

3. The article “Trace analysis of plutonium in environmental samples by
resonance ionization mass spectroscopy” explains how lasers can be used to
detect plutonium in the environment with extremely high sensitivity. If you
would want to use this technique to study nuclear structure, what are the nuclear
observables that you would get access to? Explain briefly.
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2012 Examination

1. Describe the difference between the interaction of identical and non-
identical particles. What is the formal mechanism to express this difference and
why is it justified? How do the matrix elements behave?

2. What is the importance of the isobaric multiplet mass equation from
the theoretical point of view? What is its use from the experimental point of
view? Imagine that you have good knowledge of 36 Ar, 26Cl and 2°S and that in
each of these you identify a T' = 2 state such that you deduce a = —19.4 MeV,
b= —6.0 MeV and ¢ = 0.2 MeV. What are the missing multiplet members? For
which multiplet members will this T' = 2 state also be the ground state? What
information do you get from applying the equation? The mass excess of 38 is
-30.7 MeV, which you can use as a reference value for your statements.

3. What are the two most likely values for the spin of 2°9Bi from the simple
shell model? What is the single-particle configuration for these two possibilities?
What would be the effective charge of the unpaired nucleon in either case,
knowing that experimentally the quadrupole moment is -37(3) fm?? Does your
result for the effective charge favour one of the spin values? Compare with Table
4.2 for typical values of the effective charge.
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2013 Examination

1. Describe why configuration mixing of two nuclear levels leads to a mini-
mum energy with which the levels are shifted (in what direction?) and deduce
the corresponding formula for this minimum energy shift. What is the condition
for mixing to occur?

2. Describe what you learn from figure 3.50. Which are the operators that
allow you to move through the scheme? What is the range (that is, the extreme
values) of the operators? What are the nuclear transitions that these operators
correspond to? Is the level ordering that is shown in this figure consistent with
what you observe in figure 3.587 If it is consistent, what fundamental principle
is this the proof of; but if it is not, what mechanism do you need to explain the
difference?

3. What are the spins and parities that you expect for the ground state
and the first excited state of *Co (Z = 27)? What are their configurations
according to the shell model? What will be the decay mode of the first excited

state (o, BT, 87, 7, ..)?

4. The measured magnetic moment of the ground state of 1'F (Z = 9) is
+4.72 p. What is the shell-model configuration that you expect for this state
and what does the shell model predict for this magnetic moment? What value
do you extract for the effective g-factor? What is the ground-state configuration
of ¥F, knowing that the magnetic moment is +2.63 and that you can use, as a
first hypothesis, the same effective g-factors as for 1"F?
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